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Threshold results for a time-periodic age-structured SIS epidemic model
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In this paper, we investigate the relation between the global dynamics of a time-periodic age-structured SIS
epidemic model and the basic reproduction number $R_{0}$ . Under some biologically natural assumptions, we show
that if $R_{0}>1$ , then the model has a unique endemic T-penodic solution, while if $R_{0}\leq 1$ , then the disease-ffee

















$S(t,a)$ $t$ ( $a$ ) $I(t,a)$
$t$ $P(t,a)$ $S$ $I$
$P(t,a)=S(t,a)+I(t,a)$ $t\geq 0$ $a\in[0,\omega]$
$\omega\in(0,+\infty)$
$t$ $N(t)= \int_{0}^{\omega}P(t,a)$ $t$ $\mu(t,a)$
$7(t,a)$ $k(t,a,\sigma)$ $a$ $\sigma$
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$s(t,a):= \frac{S(t,a)}{P(t,a)}$ , $i(t,a):= \frac{I(t,a)}{P(t,a)}$ . (2.2)
Lotka-McKendrick-Von Foerster
$\{\begin{array}{l}(\frac{\partial}{\partial t}+\frac{\partial}{\partial a})P(t,a)=-\mu(t,a)P(t,a),P(t,0)=\int_{0}^{\omega}f(t,a)P(t,a)da, P(0,a)=P_{0}(a)\end{array}$ (2.3)
(2.1)
$\{\begin{array}{l}\}_{\frac{}{\partial t}+\frac}^{\frac{\partial}{\partial t\partial}+\frac{\partial}{\partial a\partial a\partial}}[Case]s(t,0)=1, i(t,0)=0, s(0,a)=s0(a), i(0,a)=i_{0}(a)\end{array}$ (2.4)
$\lambda(t,a)=\int_{0}^{\omega}k(t,a, \sigma)\frac{P(t,\sigma)}{N(t)}i(t, \sigma)d\sigma$
$P(t,a)/N(t)$ $P_{0}\in L^{1}(0, \omega)$ $g(t,a)/ \int_{0}^{\omega}g(t,a)$
$L^{1}(0, \omega)$ ( [5, 71)
$t=0$ $P(t,a)/N(t)=g(t,a)/ \int_{0}^{\omega}g(t,a)da$
(2.2) $s(t,a)\equiv 1-i(t,a)$ (2.4) $i(t,a)$








$\sup$ $\gamma(t,a)<+\infty$ , $\beta^{+}:=$ $\sup$ $\beta(t,a,\sigma)<+\infty$ .
$(t,a)\in R_{+}\cross[0,\omega]$ $(t,a,\sigma)\in R_{+}\cross[0,\omega]\cross[0,\omega]$
(2.5) (the disease-free steady state) $i\equiv 0$
(2.5) ( $i^{*}$ )
4
3 Cauchy
(2.5) Banach $E:=L^{1}(0,$ $)$ Cauchy
(2.5) $E$ $A:D(A)\subset Earrow E$
$\{\begin{array}{l}(A\varphi)(a):=-\frac{d}{da}\varphi(a),D(A)=\{\varphi\in E:\varphi\in AC[0,\omega], \varphi(0)=0\}\end{array}$ (3.1)
$AC[0, \omega]$ $[0, \omega]$ $E+$ $E$
$C$
$C:=\{\varphi\in E_{+}:0\leq\varphi(a)\leq 1 a.e.\}$ (3.2)
$C$ $\{F(t, \cdot)\}_{t\geq 0}$ : $C\subset Earrow E$
$F(t,\varphi)(a):=\lambda[t,a|\varphi](1-\varphi(a))-\gamma(t,a)\varphi(a)$ (3.3)
$($ $\lambda[t,a|\varphi]:=\int_{0}^{\omega}\beta(t,a,$ $\sigma)\varphi(\sigma)d\sigma$ $)$ (2.5) $E$ Cauchy
$\frac{d}{dt}i(t)=Ai(t)+F(t,i(t))$ , $i(0)=i_{0}$ (3.4)
$A$
$(e^{tA}i_{0})(a)=\{\begin{array}{l}0 for t>a,i_{0}(a-t) for t<a\end{array}$ (3.5)
$E$ $C_{0}$ $\{e^{tA}\}_{t\geq 0}$ ( [2]
) (3.5) $(C)\subset C$ $F$
3.1. $F(t, \cdot)$ : $Carrow E$ $t\in \mathbb{R}+$ $i\in C$
$i+\alpha F(t,i)\in C$ $\alpha\in(0,1)$
[2] Proposition 3.1 $(\alpha<1/(\beta^{+}\omega+t)$ $\alpha$ $)$
3.1 $\alpha$ Cauchy (3.4)
$\frac{d}{dt}i(t)=(A-\frac{1}{\alpha})i(t)+\frac{1}{\alpha}(i(t)+\alpha F(t,i(t)))$ , $i(0)=i_{0}$ (3.6)
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(3.4) $i\in C$
$i(t)= e^{-\frac{1}{\alpha}t}e^{tA}i_{0}+\frac{1}{\alpha}\int_{0}^{t}e^{-\perp}e\{i(s)+\alpha F(s,i(s))\}ds$ (3.7)
$i\in C$
$\{\begin{array}{l}1 (t)=i_{0},i^{n+1}(t)=e^{-\frac{1}{\alpha}t}e^{tA}i_{0}+\frac{1}{\alpha}\int_{0}^{t}e^{-\frac{1}{\alpha}(t-s)}e^{(t-s)A}\{i^{n}(s)+\alpha F(s,i^{n}(s))\}ds.\end{array}$ (3.8)
(38) ( [2,4] )
31. $i_{0}\in C$ Cauchy (3.4) $i$ $C$
$S(t)(t\geq 0)$ $S(t)(C)\subset C$
4
$X_{T}$ $E$ $T$-
$|| \varphi||_{X_{T}}:=\int_{0}^{T}||\varphi(t)||_{E}dl=\int_{0}^{T}l_{0}^{\omega}|\varphi(t,a)|dodl$ , $\varphi\in X_{T}$
$X_{T,+}$ $\Omega_{T}$
$\Omega_{T}:=\{\varphi\in X_{T,+};0\leq\varphi(t,a)\leq 1 ae. \}$
(2.5) $i^{*}\in\Omega_{T}\backslash \{0\}$ $i^{*}$








$\Omega_{T}\backslash \{0\}$ $\lambda^{*}\in X_{T,+}\backslash \{0\}$









$(K \varphi)(t,a):=\int_{0}^{\omega}\int_{\tau}^{\omega}\beta(t,a, \sigma)e^{-\int_{0}^{\tau}\gamma(t-\zeta,\sigma-\zeta)d\zeta}\varphi(t-\tau, \sigma-\tau)d\sigma d\tau$ , $\varphi\in X_{T}$ (4.4)
$\rho(K)$ $i^{*}$
2. (i) $\beta$ $(.,a, \sigma)=0,$ $\forall a,$ $\sigma\in(-\infty,0)\cup(\omega,\infty)$ .
(ii)
$\lim_{harrow 0}\int_{0}^{T}\int_{0}^{\omega}|\hat{\Psi}(t+h,a+h,s,x)-\hat{\Psi}(t,a,s,x)|dadl=0$ unifomlly for $(s,x)\in[0, T]\cross[0, \omega]$ , (4.5)
$\hat{\Psi}(t,a,s,x):=\{\begin{array}{l}\sum_{n=0,\infty}^{\infty}\Psi(t,a,t-s+nT,x) for t>s,\sum_{n=1}\Psi(t,a,t-s+nT,x) for t<s,\end{array}$ (4.6)
$\Psi(t,a,z,x):=\beta(t,a,z+x)e^{-\int_{0^{z}}\gamma(t-\zeta,z+x-\zeta)d\zeta}$ (4.7)
4.1. $\rho(K)>1$ $\Phi$ $\lambda^{*}=\Phi(\lambda^{*})\in X_{T,+}\backslash \{0\}$
41. $\Phi$ $X_{T}$
42. $\rho(K)$ $K$ $v_{0}\in X_{T,+}\backslash \{0\}$
( 41 42
$K$ Krein-Rutman [8] )




$\lambda_{0}$ $:= \frac{\rho(K)\log\rho(K)v_{0}}{\hat{\Psi}^{+}\omega||v_{0}||_{X_{T}}}\in X_{T,+}\backslash \{0\}$ (4.10)
($\lambda_{0}$ $\rho(K)>1$ ) $(4.8)-(4.10)$
$\Phi(\lambda_{0})(t,a)$ $=$ $\int_{0}^{\omega}\int_{\tau}^{\omega}\beta(t,a, \sigma)e^{-\int_{0}^{\tau}\gamma(t-\zeta,\sigma-\zeta)+\prime_{\varphi(t-\zeta,\sigma-\zeta)d\zeta}}\lambda_{0}(t-\tau, \sigma-\tau)d\sigma d\tau$











42. $\rho(K)>1$ $\Omega_{T}\backslash \{0\}$ (2.5) $T$- $i^{*}$
$i^{*}$
3. $\epsilon>0$
$\beta(t,a,\sigma)\geq\epsilon$ for almost all $(t,a,\sigma)\in \mathbb{R}_{+}\cross[0,\omega]\cross[0,\omega]$
$i^{*}$
4.3. (2.5) $T$- $i^{*}\in\Omega_{T}\backslash \{0\}$
43. (2.5) $T$- $i^{*}\in\Omega_{T}\backslash \{0\}$
$\Gamma(t):=\int_{0}^{\omega}i^{*}(t,a)$ dw $>0$ , $\forall t\geq 0$
( )
4.3 $l_{1}^{*}$ $i_{2}^{*}(i_{1}^{*}\not\equiv t_{2}^{*})$ $\Omega_{T}\backslash \{0\}$ $T$-
$\lambda_{1}^{*}$ 1 3
$\epsilon\int_{0}^{\omega}i_{k}^{*}(t,\sigma)d\sigma\leq\lambda_{k}^{*}(t,a)\leq\beta^{+}\int_{0}^{\omega}i_{k}^{*}(t, \sigma)d\sigma$ , $k=1,2$ (4.11)
$\overline{\Gamma_{k}}$
$:= \sup_{t\in(0,T)}\int_{0}^{\omega}i_{k}^{*}(t,\sigma)d\sigma$ $0$ $4 I^{*}:=\inf_{t\in(0,T)}\int_{0}^{\omega}i_{k}^{*}(t,\sigma)d\sigma$ , $k=1,2$
43 $>0$ $>0$ $(k=1,2)$ (4.11)
$0<\alpha_{k}\leq\lambda_{k}^{*}(t,a)\leq\beta_{k}$ , $k=1,2$ (4.12)
$\alpha$k: $=\epsilon$ $\beta_{k}:=\beta^{+}I_{k^{*}}^{-}$ $(k=1,2)$ (412)
$\lambda_{1}^{*}\geq\alpha_{1}=\alpha_{1}\beta_{2}^{-1}\beta_{2}\geq\alpha_{1}\beta_{2}^{-1}\lambda_{2}^{*}$ (4.13)





$\geq$ $\epsilon e^{-(t+\beta_{k})\omega}\mu\alpha_{k}\int_{0}^{\omega}l^{\omega}(e^{(1-\mu)\alpha_{k}\tau}-1)d\sigma d\tau$









$X;=L^{1}((0, T)\cross(0, \omega))$ $\Omega$
$\Omega:=\{\varphi\in X_{+}:0\leq\varphi(t,a)\leq 1 ae. \}$
( $\Omega\supset\Omega_{T}$ )
5.1. $\rho(K)\leq 1$ $\Omega_{T}\backslash \{0\}$ (2.5) $T$- $i^{*}$
$T$- $i^{*}\in\Omega_{T}\backslash \{0\}$ $\Phi$
$\lambda^{*}=\Phi(\lambda^{*})\in X_{+}\backslash \{0\}$ (4. 12)
$\lambda^{*}(t,a)>\alpha$ , $\forall t\geq 0,$ $\forall a\in[0, \omega]$
$\alpha>0$ (4.3) (4.4)
$\lambda^{*}=\Phi(\lambda^{*})$ $\leq$ $K \lambda^{*}-\epsilon\int_{0}^{\omega}\int_{\tau}^{\omega}e^{-f_{0}^{\tau}\gamma(t-\zeta,\sigma-\zeta)d\zeta}\lambda^{*}(t-\tau,\sigma-\tau)(1-e^{-\int_{0}^{\tau}\lambda^{*}(t-\zeta,\sigma-\zeta)d\zeta})d\sigma d\tau$




5.1. $\Omega_{T}\backslash \{0\}$ (2.5) $T$- $i^{*}$
$i\equiv 0$ $\Omega$
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$R_{0}$ (2.5) $i^{*}\equiv 0$
$\{\begin{array}{ll}(\frac{\partial}{\partial t}+\frac{\partial}{\partial a})i(t,a)=\lambda(t,a)-\gamma(t,a)i(t,a), \lambda(t,a)=\int_{0}^{\omega}\beta(t,a,\sigma)i(t, \sigma)d\sigma=\int_{0}^{\infty}\beta(t,a, \sigma)i(t,\sigma)d\sigma, i(t,0)=0, i(0,a)=i_{0}(a).\end{array}$ (6.1)
(6.1)
$i(t,a)=\{\begin{array}{l}\int_{0}^{a}\lambda(t-a+\sigma,\sigma)e^{-\int_{\sigma}^{a}\gamma(t-a+\rho,\rho)d\rho}d\sigma for t>a,\int_{0}^{t}\lambda(\sigma,a-t+\sigma)e^{-\int_{\sigma}^{t}\gamma(\rho,a-\mathfrak{l}+\rho)d\rho}d\sigma+e^{-f_{07(\rho,a-t+p)dp}^{t}}i_{0}(a-t) for a>t\end{array}$ (6.2)
(6.2) (6.1)
$\lambda(t,a)=\int_{0}^{t}\int_{T}^{\infty}\beta(t,a,\sigma)e^{-fo^{\tau}7(t-\zeta,\sigma-\zeta)d\zeta}\lambda(t-\tau,\sigma-\tau)d\sigma d\tau+g(t)$ , (6.3)







$R_{0}$ $p(K_{T})$ 2 (i)
$(K_{T}\varphi)(t,a)$ $=$ $\int_{0}^{\infty}l^{\infty}\beta(t,a,\sigma)e^{-\int_{0}^{\tau}\gamma(t-\zeta,\sigma-\zeta)d\zeta}\varphi(t-\tau,\sigma-\tau)d\sigma d\tau$




61. $(i)R_{0}>1$ $\Omega_{T}\backslash \{0\}$ (2.5) $T$- $i^{*}$
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